In this paper, we introduce a generalization of rectangular b−metric spaces, by changing the rectangular inequality as follows
Introduction
In the last two decades, the generalization of metric spaces has been the focus of many researchers, and that is due to the importance of metric spaces and fixed point theory in solving open problems in many different fields. So, first of all we remind the reader of the definition of metric spaces. In this case, the pair (X, D) is called a metric space.
A generalization of metric spaces to b−metric spaces was introduced, and we refer the reader to [1] . In 2017, Kamran in [2] , introduced an interesting generalization of the b−metric spaces called extended b−metric spaces and defined as follows.
In 2000, Branciari in [3] introduced the concept of rectangular metric spaces. In 2015, George et al. in [4] , generalized rectangular metric spaces to rectangular b−metric spaces. In this paper, and inspired by the work of Karman in [2] , we give a generalization to the rectangular b−metric spaces, called controlled rectangular b−metric spaces, but first we would like to remind the reader of the definitions of both spaces. Definition 1.3. [3] (Rectangular (or Branciari) metric spaces)) Let X be a nonempty set. A mapping L : X 2 → [0, ∞) is called a rectangular metric on X if for any x, y ∈ X and all distinct points u, v ∈ X \ {x, y}, it satisfies the following conditions:
In this case, the pair (X, L) is called a rectangular metric space.
is called a rectangular b−metric on X if there exists a constant a ≥ 1 such that for any x, y ∈ X and all distinct points u, v ∈ X \{x, y}, it satisfies the following conditions:
In this case, the pair (X, L) is called a rectangular b−metric space.
As a generalization of the rectangular metric spaces and rectangular b−metric spaces, we define controlled rectangular b−metric spaces as follows. Definition 1.5. Let X be a non empty set, a function θ : X 4 → [1, ∞) and ρ : X 2 → [0, ∞). We say that (X, ρ) is a controlled rectangular b−metric space if all distinct x, y, u, v ∈ X we have:
(1) ρ(x, y) = 0 if and only if x = y;
(2) ρ(x, y) = ρ(y, x);
A sequence {x n } is called ρ−Cauchy if and only if lim n,m→∞ ρ(x n , x m ) exists and finite.
for every ρ−Cauchy sequence {x n } in X, there exists ν ∈ X, such that lim n→∞ ρ(x n , ν) = lim n,m→∞ ρ r (x n , x m ) = ρ r (ν, ν). Notice that, rectangular metric spaces and rectangular b−metric spaces are controlled rectangular b−metric spaces, but the converse is not always true. In he following example, we present a controlled rectangular b−metric space that is not a rectangular metric space.
m | m is a natural number} and Z be the set of positive integers. We define ρ :
where, β is a constant bigger than 0. Now, define θ : X 4 → [1, ∞) by θ(x, y, u, v) = max{x, y, u, v} + 2β. It is not difficult to check that (X, ρ) is a controlled rectangular b−metric space. However, (X, ρ) is not a rectangular metric space, for instance notice that ρ(
Main Results
then T has a unique fixed point in X.
Proof. Let x 0 ∈ X and define the sequence {x n } as follows x 1 = T x 0 , x 2 = T 2 x 0 , · · · , x n = T n x 0 , · · · Now, by the hypothesis of theorem we have
Note that, if we take the limit of the above inequality as n → ∞ we deduce that ρ(x n , x n+1 ) → 0 as n → ∞ Denote by ρ i = ρ(x n+i , x n+i+1 ) For all n ≥ 1, we have two cases. Case 1: Let x n = x m for some integers n = m. So, if for m > n we have T m−n (x n ) = x n . Choose y = x n and p = m − n. Then T p y = y, and that is, y is a periodic point of T . Thus, ρ(y, T y) = ρ(T p y, T p+1 y) ≤ k p ρ(y, T y). Since k ∈ (0, 1), we get ρ(y, T y) = 0, so y = T y, that is, y is a fixed point of T . Case 2: Suppose that T n x = T m x for all integers n = m. Let n < m be two natural numbers, to show that {x n } is a ρ−Cauchy sequence, we need to consider two subcases: Subcase 1: Assume that m = n + 2p + 1. By property (3) of the controlled rectangular b−metic spaces we have,
Now, using the fact that k < 1 the above inequalities implies the following:
Since, sup m>1 lim n→∞ θ(x n , x n+1 , x n+2 , x m ) ≤ 1 k , we deduce, lim n,p→∞
Note that, the series ∞ l=0 2k n+l−1 ρ(x 0 , x 1 ) converges by the ratio test, which implies that ρ(x n , x n+2p+1 ) converges as n, p → ∞. Subcase 2: m = n + 2p Fist of all, Note that
which leads us to conclude that ρ(x n , x n+2 ) → 0 as n → ∞. Similarly to Subcase 1 we have:
By using the Ratio Test, it is not difficult to see that the series
converges. Hence, ρ(x n , x n+2p ) converges as n, p go toward ∞. Thus, by subcase 1 and subcase 2, we deduce that the sequence {x n } is a ρ−Cauchy sequence. Since (X, ρ) is a ρ−complete extended rectangular b−metric space, we deduce that {x n } converges to some ν ∈ X. We claim that ν is fixed point of T. Note that, if there exists an integer N such that x N = ν. Due to case 2, T n x = ν for all n > N. Similarly, T n x = T ν for all n > N. Hence, we are in case 1, so ν is a fixed point of T . Also, if there exists an integer N such that T N x = T ν. Again, necessarily T n x = ν and T n x = T ν for all n > N. Thus, T ν = ν. Therefore, we may assume that for all n we have x n ∈ {ν, T ν}.
≤ θ(ν, T ν, x n , x n+1 )[ρ(ν, x n ) + ρ(x n , x n+1 ) + kρ(x n , ν)]
Now, taking the limit as n → ∞ we deduce that ρ(ν, T ν) = 0 and that is T ν = ν and ν is a fixed point of T as desired. Finally, to show uniqueness assume there exist two fixed points of T say ν and µ such that ν = µ. By the contractive property of T we have:
which leads us to contradiction.Thus, T has a unique fixed point as required. and for all u, v ∈ X we have:
Proof. Let x 0 ∈ X and define the sequence {x n } as follows
First of all, Note that for all n ≥ 1 we have
Since 0 < k < 1 2 one can easily deduce that 0 < k
Therefore, ρ(x n , x n+1 ) → 0 as n → ∞ Also, for all n ≥ 1 we have ρ(x n , x n+2 ) ≤ k[ρ(x n−1 , x n ) + ρ(x n+1 , x n+2 )] Thus, by using the fact that ρ(x n , x n+1 ) → 0 as n → ∞, we deduce that ρ(x n , x n+2 ) → 0 as n → ∞. Now, similarly to the prove of case 1 and case 2 of Theorem 2.1, we deduce that the sequence {x n } is a ρ−Cauchy sequence. Since (X, ρ) is a ρ−complete extended rectangular b−metric space, we conclude that {x n } converges to some ν ∈ X. Using the argument in the prove of Theorem 2.1, we may assume that for all n ≥ 1 we have x n ∈ {ν, T ν}. Thus,
Taking the limit of the above inequalities we get: which leads us to contradiction.Thus, T has a unique fixed point as required.
Application
In closing, we present the following application for our results. Finally, note that T satisfies all the hypothesis of Theorem 2.1. Therefore, T has a unique fixed point in X, which implies that Equation (3.1), has a unique real solution as desired.
Conclusion
In closing, we would like to bring to the readers attention the following open questions;
Question 4.1. Let (X, ρ) is a controlled rectangular b−metric space, and T a self mapping on X. Also, assume that for all distinct x, y, T x, T y ∈ X there exists k ∈ (0, 1) such that what are the other hypothesis we should add so that T has a unique fixed point in the whole space X? what are the other hypothesis we should add so that T has a unique fixed point in the whole space X?
